ABSTRACT. This paper is concerned with sufficient criteria to guarantee that a given foliation on a normal variety has algebraic and rationally connected leaves. Following ideas from a preprint of Bogomolov-McQuillan and using the recent work of Graber-HarrisStarr, we give a clean, short and simple proof of previous results. Apart from a new vanishing theorem for vector bundles in positive characteristic, our proof employs only standard techniques of Mori theory and does not make any reference to the more involved properties of foliations in characteristic p.
INTRODUCTION
Since Ekedahl's work on foliations in positive characteristic and Miyaoka's landmark paper [Miy85] , foliations of algebraic varieties have met with considerable interest from algebraic geometers and number theorists alike.
This paper is concerned with a sufficient criterion to guarantee that a given singular foliation on a normal variety has algebraic and rationally connected leaves. More precisely, using a vanishing theorem for vector bundles on curves in characteristic p, we give a simple proof of the following result.
Theorem 1 (cf. [BM01, thm. 0.1]). Let X be a normal complex projective variety, C ⊂ X a complete curve which is entirely contained in the smooth locus X reg , and F ⊂ T X a (possibly singular) foliation which is regular along C. Assume that the restriction F | C is an ample vector bundle on C. If x ∈ C is any point, the leaf through x is algebraic. If x ∈ C is general, the closure of the leaf is rationally connected.
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Bogomolov and McQuillan state a stronger result where the foliation is allowed to have singularities at points of C. Since this paper strives for simplicity, not completeness, we do not consider this extra complication here.
On the other hand, if F is non-singular, we can use the Reeb stability theorem to prove the algebraicity of all leaves.
Theorem 2. In the setup of Theorem 1, if F is regular, then all leaves are rationally connected submanifolds.
In fact, a stronger statement holds, see Theorem 28 in section 5. As an immediate corollary to Theorem 1, we prove a refinement of Miyaoka's characterization of uniruled varieties. Before stating this corollary, we need to introduce the following notation.
Notation 3. Let X be a normal projective variety, and let q : X Q be the rationally connected quotient, defined through the maximally rationally connected fibration ("MRCfibration") of a desingularization of X, cf. [Kol96, IV. 5.3, 5.5]. Further, suppose that C ⊂ X is a subvariety which is not contained in the singular locus of X, and not contained in the indeterminacy locus of q, and that F ⊂ T X | C is a subsheaf of the restriction of the tangent sheaf to C. We say that F is vertical with respect to the rationally connected quotient, if F is contained in T X|Q at the general point of C.
Notation 4. If X is normal, we consider general complete intersection curves in the sense of Mehta-Ramanathan, C ⊂ X. These are reduced, irreducible curves of the form C = H 1 ∩ · · · ∩ H dim X−1 , where the H i ∈ |m i · L i | are general, the L i ∈ Pic(X) are ample and the m i ∈ N large enough, so that the Harder-Narasimhan filtration of T X commutes with restriction to C. If the L i are chosen, we also call C a general complete intersection curve with respect to (L 1 , . . . , L dim X−1 ).
We refer to [Fle84] and [Lan04] for a discussion and an explicit bound for the m i .
Corollary 5. Let X be a normal complex-projective variety and C ⊂ X a general complete intersection curve. Assume that the restriction T X | C contains an ample locally free subsheaf F C . Then F C is vertical with respect to the rationally connected quotient of X.
This statement appeared first implicitly in [Kol92, chap. 9], but see Remark 23. To our best knowledge, the argument presented here gives the first complete proof of this important result.
We would like to thank Thomas Peternell for discussions and the anonymous referee for careful reading and a number of helpful comments. In particular, we owe the referee an elementary proof of our vanishing result, Proposition 8; our previous approach relied on more involved results of Langer, [Lan04] . The statement of Theorem 2 was suggested to us by János Kollár. We would like to thank him very much for the discussion.
1.1. Outline of the paper. All our results here are principally based on a vanishing theorem for vector bundles in finite characteristic, Proposition 9 in Section 2 below. In Section 3 we have gathered a number of standard facts about the space of relative deformations of morphisms.
With these preparations at hand, the proof of Theorem 1, which we give in Section 4 becomes reasonably short and quite intuitive. The line of argumentation follows [BM01] , but differs in one important aspect: we employ Mori's standard method of "reduction modulo characteristic p", but using our vanishing result, we do not have to use the partial Frobenius morphism for foliated varieties that was introduced by Miyaoka. We believe that this, and our use of the Graber-Harris-Starr result makes the proof much cleaner and easier to understand.
Theorem 2 is proven in section 5 using Reeb stability and standard facts on rationally connected submanifolds. After this paper was accepted for publication we learned that in his preprint [Hör05] , Andreas Höring has independently obtained similar results in the case of regular foliations.
Corollary 5, which we prove in Section 6, follows from Theorem 1 and the fact that vector bundles on curves always contain a maximally ample subbundle which appears in the Harder-Narasimhan filtration. While the latter is possibly known among experts, we could not find any reference whatsoever, and chose to include a full and detailed proof.
The methods of Section 6 allow us to find a sequence of partial rationally connected quotients naturally associated to the Harder-Narasimhan filtration of the tangent bundle. For a precise statement, see Section 7.
In the course of proving Theorem 1 and Corollary 5, we liberally use ideas and methods introduced elsewhere. We have therefore, in Sections 4.6 and 6.3, gathered all the references we are aware of.
A VANISHING CRITERION FOR VECTOR BUNDLES IN POSITIVE CHARACTERISTIC
Throughout the present section, let C be a smooth curve of genus g defined over an algebraically closed field k of characteristic p > 0. Further, let E be a vector bundle on C. Even if E is ample, it is of course generally false that H 1 (C, E) = 0 or that E has any sections. However, in Proposition 9 we will give a criterion to guarantee that the pull-back of E via the Frobenius morphism is globally generated and satisfies a strong vanishing statement, even if the pull-back is twisted with certain ideal sheaves.
We will use Q-twists of vector bundles as presented in [Laz04, II, 6 .2], to which we refer for details. In our case, we identify rational numbers δ with numerical classes
, where P is a point in C. For every δ ∈ Q, the Q-twist E δ is defined as the ordered pair of E and δ. A Q-twisted vector bundle is said to be ample if the class c 1 O PC (E) (1) + π * (δ) is ample on the projectivized bundle P C (E), where π denotes the natural projection. One defines the degree deg(E δ ) := deg(E) + rank(E)δ. A quotient of E δ is a Q-twisted vector bundle of the form E ′ δ where E ′ is a quotient of E. Pull-backs of Q-twisted vector bundles are defined in the obvious way.
In order to state the main result of this section, we introduce the following notation.
Notation 6. Let F : C[1] → C be the k-linear Frobenius morphism.
Definition 7 (Vanishing threshold).
Given a rational number δ we define
where g denotes the genus of C.
The following trivial observation will later become important in the applications, when C and E are reductions modulo p of objects that were initially defined in characteristic 0.
Remark 8. If we view the number b p (δ) purely numerically as a function of integers g, p and δ, then
where ⌊.⌋ means "round-down". 
Further, F * (E) ⊗ I B is globally generated.
Proof. By Serre duality, the vanishing statement (1) is equivalent to
Since E −δ is ample, its pull-back by F is ample, too. Therefore any quotient of F * (E −δ ) = F * (E) −pδ is ample. In particular, any quotient of rank 1 of F * (E) has degree larger than pδ. It follows that (2) is fulfilled whenever
To show that F * (E)⊗ I B is globally generated, observe that, using the above argument, for any point Q ∈ C the first cohomology group
, which was one of our hypotheses. The global generation then follows trivially from the long exact sequence associated with the following ideal sheaf sequence
This ends the proof.
We will later need that the vanishing statement of Proposition 9 is an open property for families of vector bundles -recall that a family (E t ) t∈T of vector bundles on C is given by an algebraic variety T and a vector bundle E on the product C × T . Using that the vanishing statement involves all subschemes B ⊂ C of bounded length, this follows from the properness of the Hilbert-scheme by standard arguments.
Lemma 10 (Vanishing after pull-back via Frobenius in families)
. Let (E t ) t∈T be an irreducible family of vector bundles on C. Assume that there exists a point 0 ∈ T and a number n ∈ N, such that for all subschemes B ⊂ C of length n, we have h 1 (C, E 0 ⊗ I B ) = 0. Then there exists an open neighborhood T 0 ⊂ T of 0, such that for all t ∈ T 0 , and all subschemes B ⊂ C with length(B) = n, we have h 1 (C, E t ⊗ I B ) = 0.
RELATIVE DEFORMATIONS OF CURVES
The aim of this section is to fix notation and to gather some definitions and results about relative deformations of morphisms from curves. While all of this is fairly standard, the relative case is not covered in great detail in the standard references. We have therefore chosen to say a few words here.
The setup we are considering is that of a surjective morphism σ :
Throughout this section we work over an algebraically closed field k of arbitrary characteristic.
The main definitions concern the space of Y -morphisms.
Notation 11. Let Hom Y (C, X) ⊂ Hom(C, X) be the scheme of Y -morphisms σ : C → X. We use [σ] to denote the point associated with σ.
Notation 12. Given any such morphism σ and a subscheme B ⊂ C, we consider the subscheme
When discussing separably uniruled smooth varieties, one of the most important notions is that of a "free morphism". When the domain is a curve, the main feature of a free morphism is that it allows a large number of deformations. There is an obvious relative version of this notion with similar properties that is not discussed much in the literature.
(1) X and π is smooth along the image of σ, (1) the subscheme H σ,B is smooth at σ, (2) the universal morphism µ : C × H σ,B → X dominates X, and
Proof. This result is completely similar to [Kol96, II. props. 3.5 and 3.7] where the nonrelative case is considered. The proof is analogous.
We close this section by recalling Mori's famous Bend-and-Break argument which we use in our proof of Theorem 1. This result works for absolute and relative deformations alike.
Theorem 15 (Bend-and-Break, [Kol91, prop. 3.3]). Assume that C is smooth, not rational, that σ is not constant and that there exists a number
and H any ample divisor on X, then there exists a rational curve R ⊂ X that contains σ(x) and satisfies:
PROOF OF THEOREM 1
We maintain the assumptions and notation from Theorem 1 throughout the present section. We will work over the complex number field, except in Sections 4.4-4.5, where we consider the reduction to fields of positive characteristic. Varieties that are defined over fields k of positive characteristic will be marked with an index k.
In Section 4.1 we start by reducing ourselves to the situation where the curve C is smooth and everywhere transversal to the given foliation F . We will then, in Section 4.2 recall an old result of Hartshorne which immediately shows that all leaves through points of C are algebraic. This argument also reduces us to the case where the foliation is the foliation of a morphism that is smooth along C.
The main point is then to show that the leaves are rationally connected. This is done by a reduction to the absurd: we assume in Section 4.3 that there is a non-trivial rationally connected quotient. Using Mori's reduction modulo p argument, and the vanishing result of Proposition 9, we can show in Sections 4.4-4.5 that the maximally rationally connected quotient is covered by rational curves. This contradicts a famous result of Graber-HarrisStarr.
As announced in the introduction, we end with a short section on the history of this problem, and with attributions.
4.1. Reduction to the case of a normal foliation. Let ν :C → C ⊂ X be a non-constant morphism from a smooth curve of positive genus g(C) > 0 to C, and Y denote the product
¡ ¡ FIGURE 4.1. Reduction to the case of a normal foliation X ×C with projections p 1 and p 2 . We obtain a diagram The leaves of F Y are isomorphic to the leaves of X, so that it suffices to prove the theorem for F Y ⊂ T Y and the curve C ′ . Clearly the new foliation still fulfills the hypotheses of the theorem: it is regular along C ′ and
is the pull-back of an ample vector bundle by a finite map, and therefore ample.
The construction has the advantage that the curve C ′ is smooth and transversal to F Y since it is already transversal to the relative tangent bundle T Y |C . Moreover, a leaf of F Y passing by a point of C ′ intersects it set-theoretically in exactly that point. 
Hartshorne's result, applied to a formal neighborhood of C ′ in W , then gives the exact dimension of the Zariski closure. By construction, Corollary 18 immediately implies that the leaves of F through points of C are algebraic. We will show in the rest of the present section that they are rationally connected, or equivalently, that the fibers of W →C are rationally connected.
One technical problem with this approach is that W is not necessarily smooth along C ′ . In fact, it may happen that whole fibers of W overC are contained in the non-normal locus. To overcome this difficulty, observe that images of rationally connected varieties are themselves rationally connected. It suffices therefore to prove rational connectedness for the fibers of the normalization of W overC. is also ample. It therefore suffices to prove Theorem 1 under the following additional assumptions that we maintain through the end of the present section 4.
Assumption 20. In the setup of Theorem 1, assume additionally that X is smooth, that C is a smooth curve of genus g(C) > 0, and that the foliation F is the foliation of a morphism π : X → C with connected fibers which is smooth about C and with π| C = id C .
In particular, if σ : C → X is the inclusion, we assume that σ * (T X|C ) and σ * (T X|C ) − 1 dim X are ample vector bundles on C. We will need to consider a maximally rationally connected fibration of X ("MRCfibration") q : X Z which maps X to a normal, projective variety Z; this is explained in detail in [Kol96, sect. IV.5] or [Deb01, sect. 5]. The functoriality of the MRC-fibration, [Kol96, thm. IV.5.5], and the assumption that C is not rational, imply that π factors via the morphism q. We obtain a diagram as follows,
where all morphisms and maps but σ are surjective, or dominant, respectively.
We observe that with these notations and assumptions, in order to prove Theorem 1, it is enough to show:
Proposition 21. The maximally rationally connected quotient Z is a curve.
Recall [Deb01, thm. 5.13] that the MRC-fibration q is an almost holomorphic map. Thus, if Proposition 21 holds true, then q must be a morphism. Since both q and π have connected fibers, β will be an isomorphism. This will complete the proof of Theorem 1.
The remainder of section 4 is concerned with the proof of Proposition 21. For that, we assume the contrary, i.e. that dim Z ≥ 2. We will then show that Z is uniruled, which contradicts the well-known result of Graber, Harris and Starr, [GHS03] . The uniruledness of Z will be established by a standard bend-and-break method in positive characteristic that is detailed below. The method requires us to bound the degrees of curves in Z. For this, we have to fix a polarization on Z.
Notation 22. Choose a point z ∈ Z. Further, choose a very ample line bundle H Z on Z. Let H X denote the pull-back of H Z by q; the rational map q is then determined by a linear system L ⊂ H 0 (X, H X ), whose fixed locus is the indeterminacy locus of q.
Remark 23. The rational map β induces a foliation on Z whose leaves are fibers of β. We will implicitly show that there are lots of rational curves in Z that are tangent to this foliation. This part of our proof is modelled on [Kol92, sect. 9], where a similar approach is employed in order to prove Corollary 5. While in our setup the existence of algebraic leaves on X immediately yields the existence of Diagram 3, the construction of a foliation on the partial rationally connected quotient in [Kol92, p. 111] is problematic: the polarization of the Z-variety Q discussed in [Kol92, p. 111] need not be stable under the action of the Galois group of Q over Z. Accordingly, there is no obvious reason why the sheaf L is. Also, it is not quite clear in [Kol92] why the images of the C t are again general complete intersection curves. At this point of the argumentation, Bogomolov-McQuillan [BM01, p. 22] do not consider the MRC-fibration, but a rational map whose fibers are single rational curves. We had difficulties understanding that part of their paper.
Rational connectedness of the leaves: Reduction modulo p. In order to prove
Proposition 21, we use Mori's standard reduction mod p argument, see [Mor79] , [Kol96, II.5.10]. It is then enough to prove Proposition 21 assuming that all varieties and morphisms are defined over an algebraically closed field of large characteristic.
To be more precise, let S be a ring of definition of all varieties and morphisms that appear in Diagram (3), and of z, H X and H Z . Let X S be the associated scheme over Spec S. Given an algebraically closed field k and a morphism S → k, set X k := X S × Spec S Spec k. We use the same notation for Z k , H Z,k , etc.
The following Proposition will be shown in Section 4.5 below. 
Proposition 24. The integer
Now let k be the algebraic closure of a residue field of S that satisfies the assumptions of Proposition 24. As before, let F : C k [1] −→ C k be the k-linear Frobenius morphism. 
Lemma 25. There is an open neighborhood
Proof. The vanishing results of Proposition 9 and Lemma 10, applied to E = σ * 
We will also need to consider the associated evaluation morphism.
The most important properties of η and µ are summarized in the following corollary to Lemma 25.
Corollary 27. With the notation introduced above, we have the following:
(1) The evaluation morphism µ :
(3) For all morphisms τ contained in the image η(Ω 0 ), we have
Proof. Assertions (1) and (2) are immediate consequences of Proposition 14.(2). For Assertion (3), let [τ ] ∈ η(Ω 0 ) be any element. The morphism τ can then be written
Let Z 0 be the maximal open set contained in the image of the evaluation morphism
. By Corollary 27.(1) this is not empty. Now, if z ∈ Z 0 is any point, then there exists a morphism τ :
Bend-and-Break, Theorem 15, then implies that z is contained in a rational curve R ⊂ Z k of degree
In particular, the integer d is positive. This shows the first statement of Proposition 24. By [Gro95, 4(c)], the scheme
In particular, it contains only finitely many irreducible components. The existence of rational curves of degree ≤ d through every point of Z 0 therefore implies that there exists one component
prop. 1.4] then asserts that Z k is uniruled with curves of H Z,kdegree at most d. This shows Proposition 24 and therefore ends the proof of Theorem 1.
4.6. Attributions. The reduction to the case of a normal foliation and the proof of the algebraicity of the leaves follow [BM01] closely. The setup that we use to prove the rational connectedness, however, differs somewhat from that of [BM01] ; see Remark 23.
The reduction modulo p that Bogomolov-McQuillan and that we employ to produce rational curves on the quotient is of course due to Mori [Mor79] . The argumentation in characteristic p, is different from theirs: using the vanishing result of Proposition 9 rather than [BM01, lem. 3.2.1], we can give an explicit bound d for the degree of the curves constructed. It is obvious in our construction that the number d does not depend on the characteristic; this is perhaps not so clear in [BM01] . Another advantage of our approach is that we construct the curves directly using the standard Bend-and-Break argument, and do not have to deal with the partial Frobenius morphism associated with a foliation.
PROOF OF THEOREM 2
Theorem 2 is an immediate consequence of the following, stronger statement.
Theorem 28. Let X be a complex projective manifold, and F ⊂ T X a foliation. Assume that there exists a compact, rationally connected leaf L which does not intersect the singular locus of F . Then all leaves are algebraic. The set 
If d ∈ D is any point, then the reduced subvariety
red is of pure dimension dim X d = rank F and is F -integral at all points x ∈ X d wherever both X d and F are regular. Consequence: if x ∈ X d is a regular point of F , then X d is smooth at x and contains the closure of the leaf through x as an irreducible component. It follows that all leaves of F are algebraic.
On the other hand, if x ∈ V is any point, then the associated leaf L ′ is compact. If
′ is smooth, it will then be rationally connected. The holonomy argument from above then shows that D is smooth at π 1 (y), and that π 1 is submersive in a neighborhood of L ′ . In particular, the projection π 2 is birational and isomorphic at y.
The exceptional locus E of π 2 does not intersect V and therefore does not dominate D. Let B ⊂ D \ π 1 (E) be the subset of regular points of D \ π 1 (E) over which π 1 is smooth. We have seen that π 
PROOF OF COROLLARY 5
The proof of Corollary 5 relies on a number of facts about the Harder-Narasimhan filtration of vector bundles on curves, which are possibly known to the experts. For lack of an adequate reference we have included full proofs in Section 6.1 below. We refer to [Ses82] for a detailed account of semistability and of the Harder-Narasimhan filtration of vector bundles on curves.
6.1. Vector bundles over complex curves. To start, we show that any vector bundle on a smooth curve contains a maximally ample subbundle.
Proposition 29. Let C be a smooth complex-projective curve and E a vector bundle on C, with Harder-Narasimhan filtration
and µ i := µ(E i /E i−1 ) be the slopes of the Harder-Narasimhan quotients. Suppose that µ 1 > 0 and let k := max{ i | µ i > 0}. Then E i is ample for all 1 ≤ i ≤ k and every ample subsheaf of E is contained in E k .
Proof. Hartshorne's characterization of ampleness [Har71, thm. 2.4] says that E i is ample iff all its quotients have positive degree. But the minimal slope of such a quotient is µ i which is positive for all 1 ≤ i ≤ k.
Let now F ⊂ E be any ample subsheaf of E and j := min{ i | F ⊂ E i , 1 ≤ i ≤ r}. We need to check that j ≤ k. By the definition of j and the ampleness of F , the image of F in E j /E j−1 has positive slope. The semi-stability of E j /E j−1 therefore implies µ j > 0 and j ≤ k.
Proposition 29 says that the first few terms in the Harder-Narasimhan filtration are ample. The following, related statement will be used later to construct foliations on certain manifolds.
Proposition 30. In the setup of Proposition 29, the vector bundles
ample for all 0 < j ≤ i < r. 
with deg C B ≥ 0. Replacing B by its maximally destabilizing subbundle, if necessary, we can assume without loss of generality that B is semistable. In particular, B has nonnegative slope µ(B ≥ 0. On the other hand, we have that E j E j−1 is semistable. The slope of the image of the induced morphism
will thus be larger than µ max E E i = µ E i+1 E i . This shows that α must be zero, a contradiction which proves the amplitude of F i,j . With this preparation we will now prove Proposition 30 inductively. Start of induction: j = 1. In this case, the above claim and the statement of Proposition 30 agree. Inductive Step. Assume that 1 < j ≤ i < r and that the statement was already shown for j − 1. Then consider the sequence
But then also the middle term is ample, which shows Proposition 30.
6.2. Proof of Corollary 5. We will show that the sheaf F C , which is defined only on the curve C is contained in a foliation F which is regular along C and whose restriction to C is likewise ample. Corollary 5 then follows immediately from Theorem 1. An application of Proposition 29 to E := T X | C yields the existence of a locally free term E i ⊂ T X | C in the Harder-Narasimhan filtration of T X | C which contains F C and is ample. The choice of C then guarantees that E i extends to a saturated subsheaf F ⊂ T X . The proof is thus finished if we show that F is a foliation, i.e. closed under the Lie-bracket. Equivalently, we need to show that the associated O'Neill-tensor N : F ⊗ F → T X F vanishes. By Proposition 30, the restriction of the bundle Hom F ⊗ F, T X F ∼ = (F ⊗ F) ∨ ⊗ T X F to C is anti-ample. Ampleness is an open property, [Gro66, cor. 9.6.4], so that the restriction of F to deformations (C t ) t∈T of C stays ample for most t ∈ T . Since the C t dominate X, the claim follows. This ends the proof of Corollary 5.
6.3. Attributions. The arguments used to derive Corollary 5 from Theorem 1 were certainly known to experts, and are implicitly contained in the literature, in particular [Miy85] and [Kol92] . We would like to thank Thomas Peternell for explaining the existence of a maximally ample subbundle to us.
A GEOMETRIC CONSEQUENCE OF UNSTABILITY
Recall that a complex variety X is called Q-Fano if a sufficiently high multiple of the anticanonical divisor −K X is Cartier and ample. The methods introduced above immediately yield that Q-Fano varieties whose tangent bundles are unstable allow sequences of rational maps with rationally connected fibers.
Corollary 32. Let X be a normal complex Q-Fano variety and L 1 , . . . , L dim X−1 ∈ Pic(X) be ample line bundles. Let
be the Harder-Narasimhan filtration of the tangent sheaf with respect to L 1 , . . . , L dim X−1 and set
Then k > 0, and there exists a commutative diagram of dominant rational maps
with the following property: if x ∈ X is a general point, and F i the closure of the q ifiber through x, then F i is rationally connected, and its tangent space at x is exactly E i ,
Proof. Let C ⊂ X be a general complete intersection curve with respect to L 1 , . . . , L dim X−1 . Since c 1 (T X ) · C > 0, Proposition 29 implies k > 0 and that the restrictions E 1 | C , . . . , E k | C are ample vector bundles. We have further seen in Section 6.2 that the (E i ) 1≤i≤k give a sequence of foliations with algebraic and rationally connected leaves.
To end the construction of Diagram (5), let q i : X Chow(X) be the map that sends a point x to the E i -leaf through x, and let Q i := Image(q i ).
Remark 33. Corollary 32 also holds in the more general setup where X is a normal variety whose anti-canonical class is represented by a Weil divisor with positive rational coefficients.
It is of course conjectured that the tangent bundle of a Fano manifold X with b 2 (X) = 1 is stable. We are therefore interested in a converse to Corollary 32 and ask the following. Question 36. If X is a uniruled manifold or variety, is there a polarization such that the MRC-fibration comes from the Harder-Narasimhan filtration of T X ?
